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M
otivation

●
Consider the collision 
avoidance problem

 w
ith 

drones navigating in 
space

●
Drones need to 
com

m
unicate their 

positions to other drones 
to avoid collision

●
Delays arising w

ith 
com

m
unication protocols 

are inevitable

2
Figures from

 Pallottino, L., Scordio, V. G
., Bicchi, A., and Frazzoli, E. 2007. Decentralized cooperative policy for conflict resolution in 

m
ultivehicle system

s. IEEE Transactions on Robotics, 23(6):1170–1183.

Drones trying to 
navigate w

ithout 
collision

Reserved regions 
w

hich cannot 
overlap

This autom
ata can 

help each drone 
navigate safely…

 

if there w
ere no 

com
m

unication 
delays



H
ybrid autom

ata cannot capture delays

Collision avoidance policy from
 Pallottino, L., Scordio, V. G

., Bicchi, A., and Frazzoli, E. 2007. Decentralized cooperative policy for 
conflict resolution in m

ultivehicle system
s. IEEE Transactions on Robotics, 23(6):1170–1183.
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W
hen tw

o drones com
e close, 

they need to sw
itch from

 
straight m

ode to hold m
ode

But w
hat if there is a delay in 

know
ing the position of the 

other drone?

The positions of 
other drones evolve 

in other system
s 

and appear as 
‘inputs’ in our 

system
 



N
ature of the delays

●
Do not affect dynam

ics 

w
ithin a discrete m

ode

●
O

nly affect w
hich discrete 

m
ode w

e are in, i.e., they 

affect transitions
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Fig: An oversim
plified cruise 

control system
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M
aintain 

distance!

Delay in observing 
leading car



H
ow

 do w
e m

odel 
these delays?
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Prelim
inary: H

ybrid autom
ata

A hybrid autom
ata is com

posed of

●
Vector of system

 variables 
●

Set of discrete m
odes                              and an associated invariant

●
Transitions betw

een them
 

●
A vector field associated to each discrete m

ode
●

A guard set associated to each transition
●

A reset m
ap associated to each transition
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H
ow

 can w
e extend the sem

antic of hybrid autom
ata

A lazy hybrid autom
ata LH

A (in the continuous sem
antic) is com

posed of

●
Vector of system

 variables 
●

A vector of ‘input’ variables
●

Set of discrete m
odes                              and an associated invariant

●
Transitions betw

een them
 

●
A vector field associated to each discrete m

ode
●

A guard set associated to each transition
●

A reset m
ap associated to each transition

●
Set of tim

e bounds associated to each ‘input’ variable

7
Inspired from

 the discrete sem
antic presented in Agraw

al, M
., Thiagarajan, P.: Lazy rectangular hybrid autom

at. In: 7th H
SCC, LN

CS 2993, 
Springer (2003) 1–15.



A
 different sem

antic for guard evaluation at transitions

H
ybrid autom

ata

Can take transition if 

Lazy hybrid autom
ata

Can take transition if
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Intuitively...
Suppose w

e can have upto 3s delay in 
observing the velocity of the leading car

ifthen

switch to ‘slow’
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Fig: The running cruise control 
exam

ple

W
e can take a transition if the guard w

as satisfied at som
e point in the 

past! 



Sam
e w

ith invariants

H
ybrid autom

ata

Invariant holds if 

Lazy hybrid autom
ata

Invariant holds if
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An exam
ple trace in a lazy hybrid autom

aton
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-
In this case, w

e fix the dynam
ics of 

v
2  to evolve at a constant rate of -1 

starting from
 an initial value of 15, 

i.e., v
2 (t) = 15 - t

-
W

e have a delay of upto 2s in the 
observation of v

2

t = 0

m
ode = accelerate

v
1  = 0

x
1  = 0

v
2  = 15

t = 6

m
ode = accelerate

v
1  = 18

x
1  = 54
v

2  = 9

t = 6

m
ode = decelerate

v
1  = 18

x
1  = 54
v

2  = 9

Invariant 
satisfied for 
all t in [0, 6]

v
2 (t - 0.5) = 9.5 < 10



Challenges

●
Understanding the expressive pow

er of the m
odel

●
Can w

e translate these into regular hybrid autom
ata?

●
Identifying reasonable restrictions/assum

ptions to allow
 translations, i.e., 

under w
hat conditions are they equivalent to regular hybrid autom

ata?
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Translations!
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Translation of lazy hybrid autom
ata

W
hat w

orks

✔
  N

ew
 guard evaluation sem

antic

W
hat does not w

ork

❌
  Alm

ost non-zeno condition required: upper 
bound on num

ber of transitions w
ithin a given 

tim
e period

❌
  Invariants
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To translate

Consider our exam
ple of 

cruise control w
ith four state 

variables x
1 , v

1 , x
2 , v

2  such 
that the tim

e bounds for v
2  

are [t-2, t], i.e., there can be 
upto a 2s delay in the 
com

m
unication of v

2

Alm
ost non-zeno condition: 

Suppose there can be at 
m

ost 3 transitions in a 2s 
w

indow
15

(x
2 , v

2 )
(x

1 , v
1 )

M
aintain 

distance!

Delay in observing 
leading car

N
o 

invariants



Translation: the new
 hybrid autom

aton
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Parallel com
position

W
e save 

the state of 
v

2  w
hen 

needed

Introduce 3 new
 variables s

1 , s
2 , and s

3  
to save the state of v

2



Translation: new
 guard conditions
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W
as v

2  < 10 som
etim

e in the past 2s?
W

ell, w
e can check the saved states of v

2 !



Invariants are hard to 
translate in the new

 
sem

antic
Cannot hope to store every value taken on by a variable w

ithin the tim
e bounds, 

i.e., w
e w

ould require infinite storage/com
putation

Sam
e problem

 w
ith rem

oving the alm
ost non-zeno condition!
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Translation of lazy tim
ed autom

ata

W
hat w

orks

✔
  Invariants along w

ith their new
 sem

antic

✔
  N

ew
 guard evaluation sem

antic

W
hat does not w

ork

❌
  Alm

ost non-zeno condition required: upper 
bound on num

ber of transitions w
ithin a given 

tim
e period
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To translate

Consider a tim
ed autom

ata 
w

ith tw
o clocks x, y such that 

the tim
e bounds for y are 

[t-10, t], i.e., there can be upto 
a 10s delay in the 
observation of y

Alm
ost non-zeno condition: 

Suppose there can be at 
m

ost 2 transitions in a 10s 
w

indow
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Translation: the new
 tim

ed autom
aton

21

Parallel com
position

Transitions w
ith 

sam
e labels are 

synchronized

W
e track 

every reset 
of y in the 
last 10s

Introduce three new
 clocks y

1 , y
2 , and y

3  to 
track resets



Translation: new
 predicates (both invariants and guards!)
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W
as y = 3 som

etim
e in the past 10s?

W
ell, w

e can com
pute every value of y in the last 10s!



Translations
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Subclass of lazy hybrid 
autom

ata
R

estrictions
Translation

Lazy tim
ed autom

ata
‘A

lm
ost non-xeno’ condition

R
egular tim

ed autom
ata

Lazy hybrid autom
ata

‘A
lm

ost non-xeno’ condition 
and no invariants

R
egular hybrid autom

ata



To sum
m

arize
LH

A > H
A?

●
Lazy hybrid autom

ata allow
 us 

to capture delays in 
observation of variables w

hich 
determ

ine w
hich discrete m

ode 
that w

e are present in
●

Allow
ed to take transitions 

based on a state held in the 
past

●
Tough to capture the new

 
invariants in translations 
(except tim

ed autom
ata)
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N
ext objectives

●
Understanding the relationship betw

een the continuous sem
antic and the 

discrete sem
antic of lazy H

A presented in Agraw
al, M

., Thiagarajan, P.: Lazy 

rectangular hybrid autom
at. In: 7th H

SCC, LN
CS 2993, Springer (2003) 1–15

●
Reachability analysis on lazy H

A

●
Delays w

ithin the dynam
ics - DDEs

●
Proving that Lazy H

A > H
A
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